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Abstract—This paper deals with solutions of multi-index linear programs of the transportation
type. The approach based on the analysis of reducibility of multi-index transportation problems
to flow algorithms is taken as the main technical tool. Sufficient conditions of reducibility are
proposed, which are based on the notion of nesting for the set of problem constraints. It is
shown that these conditions are necessary and sufficient for reducibility of three-index problems;
otherwise, the well-know hypothesis on the non-equivalence of the classes P and NP is wrong.
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1. INTRODUCTION

A wide class of resource allocation problems can be formulated as multi-index linear programs
(LPs) of the transportation type. Among such problems are the transportation problem with
intermediate nodes, spatial scheduling for enterprise departments, distribution of data transmission
channel capacities between the Internet providers, optimization of stock of orders, etc., [1–4]. Multi-
index LPs also appear in the area of computer vision [5, 6]. In other words, the development of
efficient solution methods for a particular subclass of LP problems (namely, multi-index LPs of the
transportation type) enables a substantial reduction in computational burden associated with the
solution of important classes of applied and theoretical problems.

To solve multi-index transportation problems, general methods of linear programming can be
applied such as simplex method, Karmarkar’s algorithm, etc., [7, 8]. There are also a number of
works attempted at solving specifically multi-index LPs. The most well-studied is the class of two-
index problems, [9]. Important classes of three- and four-index problems are considered in [10–12].
In the general formulation, multi-index problems were studied in [10]. Various conditions that
facilitate the reduction of dimension and/or the number of indices in multi-index transportation
problems were discussed in [13, 14]. Various geometric properties of feasible solution sets of multi-
index systems of linear inequalities were obtained in [11, 15, 16].

Integer multi-index LPs of the transportation type are also of a special interest. As it is known,
[9], two-index integer LPs are solvable in polynomial time. However this problem becomes NP-hard
in the three-index case [17, 18]. There also exist a number of papers aimed at the development of
approximate polynomial-time algorithms for integer multi-index transportation problems, [19, 20].

One of the promising lines of research in the development of efficient algorithms for multi-index
LPs is the determination of subclasses of problems that admit flow methods as solution tools.
Advanced studies in network optimization [21] provide a strong impact to the development of
this subject area. Provided that an LP is reducible to a flow problem, the existing efficient flow
algorithms [22, 23] can be applied which outperform general linear programming methods in the
estimated computational complexity. Reducibility of linear programs to flow algorithms was studied
in the works [24–27] which differ in the reducibility concepts adopted. Reducibility of multi-index
LP transportation problems is a less elaborated issue; the reducibility of two-index problems to
flow algorithms was shown in [9].
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The issue of reducibility of multi-index problems with arbitrary number of indices to flow algo-
rithms was first considered in [1] based on the literature available. The reducibility concept used
in [1] is an extension of the approach proposed in [24]. A salient feature of this concept is the
existence of a correspondence between the variables of the original problem and the arcs of the
auxiliary network. The proposed scheme of reducibility guarantees that an arbitrary optimal flow
in the auxiliary network defines an optimal solution of the original problem such that the variables
are assigned the values of the flow along the corresponding arcs of the network. Using this concept,
sufficient conditions of reducibility were found in [1]. Under the satisfaction of these conditions,
solution of multi-index LPs of the transportation type reduces to finding a minimum cost (mincost)
flow in the network with O(m+ n) nodes and O(m+ n) arcs, where n is the number of variables
and m is the number of inequality constraints in the original problem.

In [28], reducibility of multi-index systems of linear inequalities was analyzed, and the concept
of cyclic reducibility was proposed. This reduction scheme guarantees that the feasible flow in
the auxiliary network defines a feasible solution of the original problem such that the variables are
assigned the values of the flow along the corresponding cycles in the network. Under the satisfaction
of the sufficient conditions of reducibility obtained in [28], solution of a multi-index system of linear
inequalities can be cast into the problem of finding a feasible flow in a network with O(sn) nodes
and O(sn2) arcs, where n is the number of variables and s is the number of indices in the multi-
index system of linear inequalities. The proposed approach is equally efficient in the analysis of
systems of integer linear inequalities. Importantly, there exist special classes of systems of integer
linear inequalities which satisfy the sufficient conditions of reducibility obtained in [28] and having
the property that the matrix of constraints is not absolutely unimodular. As an example, one might
consider the system of constraints in the NP-hard three-index axial assignment problem [29].

This work is a continuation of the research initiated in [1]; an extension of the reducibility
concept for LPs is proposed. In the framework of this concept, it is shown that, if a class of LPs is
reducible to the class of mincost flow problems, it possesses a number of important properties. It
is also demonstrated that, for the class of three-index LPs, the sufficient conditions of reducibility
proposed in [1] turn out to be necessary and sufficient ones; otherwise, the well-know hypothesis
on the non-equivalence of the classes P and NP, see [17], is wrong.

2. MULTI-INDEX TRANSPORTATION PROBLEMS

In the formulation of multi-index problems of linear programming of the transportation type, we
use the formalism introduced in [10]. Let s ∈ N and N(s) = {1, . . . , s}. With every number l, we
associate a parameter jl referred to as index, which takes values in the set Jl = {1, . . . , nl}, where
nl ≥ 2, l ∈ N(s). Let f = {k1, . . . , kt} ⊆ N(s). The set of values of the indices Ff = (jk1 , . . . , jkt)
will be referred to as t-index, and the set of all t-indices is defined as the direct product of the
sets of feasible values of the associated indices and will be denoted by Ef = Jk1 × . . . × Jkt .
With every set Ff we associate a real number zFf

, Ff ∈ Ef . Similarly to [10], this mapping
of the set of t-indices Ef to the set of real numbers will be referred to as t-index matrix and
defined as {zjk1 ,...,jkt} = {zFf

}. Let f = N(s)\f . Then define by FN(s) = FfFf the s-index set
(jk1 , . . . , jkt , jkt+1 , . . . , jks). Introduce the following notation:

∑

Ff∈Ef

zFfFf
=

∑

jk1∈Jk1
. . .

∑

jkt∈Jkt
zFf Ff

, Ff ∈ Ef .

Let M , M ⊆ 2N(s), be a given set; {aF
f
}, {bF

f
} be given |f |-index matrices of the free coefficients,

0 ≤ aF
f
≤ bF

f
, Ff ∈ Ef , f ∈ M ; let {cFN(s)

} be a given s-index matrix of the coefficients of the

objective function, and {xFN(s)
} be an s-index matrix of unknowns. Then the multi-index problem

AUTOMATION AND REMOTE CONTROL Vol. 72 No. 8 2011



THREE-INDEX LINEAR PROGRAMS WITH NESTED STRUCTURE 1681

of linear programming of the transportation type is formulated as follows:

aF
f
≤

∑

Ff∈Ef

xFfFf
≤ bF

f
, Ff ∈ Ef , f ∈ M, (1)

xFN(s)
≥ 0, FN(s) ∈ EN(s), (2)

∑

FN (s)∈EN(s)

cFN(s)
xFN(s)

→ min . (3)

In the sequel, given the set M and the parameters nl, l ∈ N(s), the matrix of constraints in
the multi-index linear program (LP) (1)–(3) will be referred to as D(M,n1, . . . , ns). Let D(M) =
{D(M,n1, . . . , ns)|nl ∈ N,nl ≥ 2, l ∈ N(s)}, be the class of matrices of constraints in the multi-
index LPs defined by the given set M ⊆ 2N(s).

3. THE REDUCIBILITY CONCEPT

Let us formalize the reducibility concept, which will be used below in the analysis of reducibility
of multi-index problems to flow algorithms.

Let A ∈ Rn×m, b, b−, b+ ∈ Rn, c ∈ Rm be given parameters and x ∈ Rm be the vector of un-
knowns. Denote by w(A, b, c) and w(A, b−, b+, c) the linear programs min{(c, x)|Ax ≤ b, x ≥ 0}
and min{(c, x)|b− ≤ Ax ≤ b+, x ≥ 0}, respectively, and let row(A) and col(A) denote the number
of rows and columns of the matrix A. Note that the problem w(A, b−, b+, c) can be described with
the use of notation w(A, b, c). However the notation w(A, b−, b+, c) will be used whenever it is
stressed that the system of constraints in the problem is represented by a set of two-sided inequal-
ities. We also consider integer linear programs; i.e., if w = w(A, b, c) is a linear program, then

the corresponding integer linear program min
{
(c, x)|Ax ≤ b, x ∈ Z

col(A)
+

}
will be denoted by wZ .

Let W be an arbitrary class of linear programs. The corresponding class of integer linear programs
will be denoted by WZ = {wZ |w ∈ W}.

We next consider two classes of linear programs, W ′ and W ′′. Informally, by reducibility of
the class W ′ to the class W ′′ it is meant that, for an arbitrary problem w′ ∈ W ′, a corresponding
problem w′′ ∈ W ′′ can be constructed such that the solution of w′′ defines the solution of w′. When
formalizing one or another reducibility scheme, we will determine the time required for the solution
and/or specific computational procedures associated with

—the construction of the matrix of constraints in the problem w′′ from the parameters of the
problem w′;

—the construction of the free coefficients and the coefficients of the objective function of the
problem w′′ from the parameters of the problem w′;

—finding a solution of the problem w′ from that of the problem w′′.

Definition 1. The class W ′ is said to be t1|t2|t3 reducible to the class W ′′ if for every problem
w′ = w(A′, b′, c′) ∈ W ′, a matrix A′′ and two vectors b′′, c′′ can be composed in time O(t1) and
O(t2), respectively, such that w′′ = w(A′′, b′′, c′′) ∈ W ′′ and the following conditions hold:

—the problem w′ is feasible (bounded) if and only if the problem w′′ is feasible (bounded);

—the optimal (feasible) solution x′ of the problem w′ can be found in time O(t3), provided that
the optimal (feasible) solution of the problem w′′ is known.

The problem w′′ in Definition 1 is said to correspond to the problem w′ (a corresponding prob-
lem). If the functions t1, t2, t3 are linear in the size of the instance w′, this reducibility will be
denoted by L|L|L; if these functions are polynomials (the degrees of these polynomials are of no
interest here), the reducibility will be denoted as P |P |P .
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To formalize specific reducibility schemes, on top of determining the time needed for the solu-
tion, it is sometimes required to define the computational procedures associated with the related
constructions. In that case, the notation t1 − s1|t2 − s2|t3 − s3 will be used in the formalization
of the reducibility concept, where s1, s2, s3 are optional row notations for the computational pro-
cedures associated with the construction of the matrix of constraints, the free coefficients and the
coefficients of the objective function, and the solution, respectively. This notation is introduced
by the analogy with the notation proposed by R. Graham, which is used in the classification of
problems of the scheduling theory [30].

It is interesting to understand if the class of multi-index LPs of the transportation type is
reducible to the class of mincost flow problems. The corresponding classes are defined as follows.

Let M ⊆ 2N(s), then define by

W (M) =
{
w(A, b−, b+, c)| b−b+ ∈ Z

row(A)
+ , c ∈ Zcol(A), A ∈ D(M)

}

the class of multi-index LPs of the transportation type with constraints that correspond to the given
set M . In accordance with the notation introduced above, the corresponding class of multi-index
problems of integer linear programming will be denoted as WZ(M).

Consider the directed graph G = (VG, AG), AG ⊆ V 2
G, where VG and AG are the sets of nodes

and arcs of the graph G. Let lij , uij denote the capacities of the arc (i, j), eij be the cost of the
arc (i, j), and let xij be an unknown value of the flow along the arc (i, j), (i, j) ∈ AG. Then, by
v(G; lij , uij , eij , (i, j) ∈ AG) denote the following mincost flow problem:

∑

(i,j)∈AG

xij −
∑

(j,i)∈AG

xji = 0, i ∈ VG,

lij ≤ xij ≤ uij , (i, j) ∈ AG,

xij ≥ 0, (i, j) ∈ AG,
∑

(i,j)∈AG

eijxij → min .

Denote by Graph the set of all directed graphs and define the class of mincost flow problems as
follows:

WGraph = {v(G, lij , uij , eij , (i, j) ∈ AG)|lij , uij ∈ Z+, eij ∈ Z, (i, j) ∈ AG, G ∈ Graph} .

Definition 2. Let W be the class of LPs with two-sided linear inequality constraints. We say
that the class W is t1|t2 − equal|t3 − edge reducible to the class WGraph, if the class W is t1|t2|t3
reducible to the class WGraph; moreover, if v = v(G; lij , uij , eij , (i, j) ∈ AG) ∈ WGraph is the problem
corresponding to w = w(A, b−, b+, c) ∈ W , then the following conditions hold. There exist injective
functions α : {1, 2, . . . , row(A)} → AG and β : {1, 2, . . . , col(A)} → AG such that

—lα(i) = b−i , uα(i) = b+i , i = 1, row(A); l(u,v) = 0, uuv = b∗, (u, v) ∈ AG\{α(i)|i = 1, row(A)},
where b∗ is a sufficiently large number, for definiteness, let b∗ =

row(A)∑
k=1

b+k ;

—eβ(i) = ci, i = 1, col(A); euv = 0, (u, v) ∈ AG\{β(i)|i = 1, col(A)};
—if xij, (i, j) ∈ AG, is the optimal (feasible) solution of v, then y = (xβ(1), xβ(2), . . . , xβ(col(A)))
is the optimal (feasible) solution of w.

Therefore, by Definition 2, if the class W is t1|t2 − equal|t3 − edge reducible to the class WGraph,
w ∈ W , and v = v(G; lij , uij , cij , (i, j) ∈ AG) ∈ WGraph is the problem corresponding to w, then it
is guaranteed that in the construction of the mincost flow problem v, the resulting capacities and
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costs of the arcs are defined from the coefficients of the problem w, and the solution of w is found
via a subset of the components of the solution of v. Hence, a solution algorithm can be devised for
the problem w; it is based on the solution of the corresponding problem v and has computational
complexity O(t1 + t2 + t3 + μ(|VG|, |AG|)), where μ(n,m) is the computational complexity of the
algorithm for the mincost flow problem for the network with n nodes and m arcs. A survey on the
estimates of computational complexity of known flow algorithms can be found in [22, 23]. In the
exposition to follow, we consider conditions under which the class W (M) is t1|t2 − equal|t3 − edge
reducible to the class WGraph.

4. REDUCIBILITY CONDITIONS FOR MULTI-INDEX PROBLEMS

The form of LP problems in the class W (M) is defined by the specified set M . Hence, the goal
is to find conditions imposed on the set M such that solutions of problems in the class W (M)
could be found via use of flow algorithms. Let us show that under the reducibility to mincost flow
problems, linear programs possess certain properties. In particular, these properties will be applied
to the analysis of reducibility of three-index classes W (M).

Theorem 1. If the class W is P |P − equal|P − edge reducible to the class WGraph, then the
class WZ of integer linear programs is decidable in polynomial time.

Corollary. If the class WZ of integer linear programs is NP-hard, then the class W of linear
programs is not P |P − equal|P − edge reducible to the class WGraph; otherwise P = NP.

Lemma 1. Let M ⊆ 2N(s). If the class W (M) is P |P − equal|P − edge reducible to the class
WGraph, then W (M ′) is also P |P − equal|P − edge reducible to WGraph, where M ′ ⊆ M.

Lemma 2. Let M ⊆ 2N(s). If the class W (M) is not P |P − equal|P − edge reducible to the class
WGraph, then the class W (M ′) is also P |P − equal|P − edge non-reducible to the class WGraph,
where M ⊆ M ′ ⊆ 2N(s).

Lemma 3. Let M ⊆ 2N(s). If the class W (M) is P |P − equal|P − edge reducible to the class
WGraph, then W (M ∪ {∅}) is also P |P − equal|P − edge reducible to WGraph.

Definition 3. A set M , M ⊆ 2N(s), is said to be k-nested if there exists a partition of the set M

into k subsets Mi =
{
f
(i)
1 , . . . , f

(i)
mi

}
, i = 1, k, such that f

(i)
j ⊆ f

(i)
j+1, j = 1,mi − 1, i = 1, k.

Earlier, the following sufficient conditions of reducibility were found.

Theorem 2 [1]. Let M ⊆ 2N(s). For the class W (M) to be L|L− equal|L− edge reducible to the
class WGraph, it is sufficient that the set M is 2-nested.

In case the set M is 2-nested, for every problem w ∈ W (M), a corresponding problem v =
v(G; lij , uij , eij , (i, j) ∈ AG) ∈ WGraph can be composed by exploiting the constructive proof of
Theorem 2 proposed in [1]. Moreover, it holds |VG| = O(|EN(s)|), |AG| = O(|EN(s)|), where the
quantity |EN(s)| actually coincides with the number of variables in the problem w. By definition,
in case of L|L − equal|L − edge reducibility, the construction of the corresponding problem and
finding a solution of the original problem from that of the corresponding problem requires only
linear time. Let μ(n,m) be the computational complexity of the algorithm for solving the mincost
flow problem in the network with n nodes and m arcs. Then, if the set M is 2-nested, any of the
problems w(A, b−, b+, c) ∈ W (M) is solvable in time O(μ(|EN(s)|, |EN(s)|)).

We next consider the case of three-index problems of linear programming.

Theorem 3. Let M ⊆ 2N(s), s ≤ 3. For the class W (M) to be P |P − equal|P − edge reducible
to the class WGraph, it is necessary and sufficient that the set M is 2-nested; otherwise P = NP.
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Therefore, the 2-nesting condition is necessary and sufficient for the P |P − equal|P − edge
reducibility of the class of three-index LPs of the transportation type to the mincost flow class,
otherwise the well-known hypothesis on the non-equivalence of the classes P and NP is not true.

5. NUMERICAL EXAMPLES

In this section, we illustrate the results obtained above via a number of multi-index linear
programs of the transportation type.

Example 1. s = 3, N(s) = {1, 2, 3}, M = {{1, 2, 3}, {1, 2}, {1, 3}, {3}}. In that case, the prob-
lems in the class W (M) are defined as follows:

a− ≤
∑

j1∈J1

∑

j2∈J2

∑

j3∈J3
xj1j2j3 ≤ a+;

b−j3 ≤
∑

j1∈J1

∑

j2∈J2
xj1j2j3 ≤ b+j3 , j3 ∈ J3;

c−j2 ≤
∑

j1∈J1

∑

j3∈J3
xj1j2j3 ≤ c+j2 , j2 ∈ J2;

d−j1j2 ≤
∑

j3∈J3
xj1j2j3 ≤ d+j1j2 , j1 ∈ J2, j2 ∈ J2;

xj1j2j3
≥ 0, j1 ∈ J1, j2 ∈ J2, j3 ∈ J3.

It can be seen that in this example, the set M is 2-nested, since there exists a partition M1 =
{{1, 2, 3}, {1, 2}}, M2 = {{1, 3}, {3}}. By Theorem 2, the class W (M) is L|L − equal|L − edge
reducible to the class WGraph.

Example 2. s= 5, N(s) = {1, 2, 3, 4, 5}, M = {{1, 2, 3, 4, 5}, {2, 3, 4, 5}, {1, 2, 3}, {2, 3}, {2}, {5}}.
It is seen that the set M is 2-nested, since there is a partition M1 = {{1, 2, 3, 4, 5}, {2, 3, 4, 5}, {5}},
M2 = {{1, 2, 3}, {2, 3}, {2}}. Hence, by Theorem 2, the class W (M) is L|L − equal|L − edge
reducible to the class WGraph.

Example 3. s = 3, N(s) = {1, 2, 3}, M = {{1, 2}, {1, 3}, {2, 3}}. The set M is not 2-nested.
In the three-index case, by Theorem 3, the 2-nesting condition is necessary and sufficient for
reducibility of multi-index problems to min-cost flow problems, otherwise P = NP. Then either
the class W (M) is not P |P − equal|P − edge reducible to the class WGraph, or P = NP.

Example 4. s = 4, N(s) = {1, 2, 3, 4}, M = {{1}, {2}, {3}, {4},∅}. The setM is not 2-nested. It
is seen that the classWZ(M) of integer linear programs is NP-hard, since the NP-hard class of planar
three-index assignment problems (the NP-hardness of this class of assignment problems is proved
in [18]) is reducible to WZ(M). Hence, by Corollary 1 the class W (M) is not P |P − equal|P − edge
reducible to the class WGraph; alternatively, P = NP.

6. CONCLUSION

This work is a continuation of the research initiated in [1]. A formalization of the reducibility
concept of linear programs is proposed, which can be used in the classification of the results in this
area. In particular, this concept is applied to the formalization of reducibility of linear programs
to mincost flow problems and the solution of the initial problem is defined as a subset of the
components in the solution of the flow problem.

It was shown that 2-nesting is necessary and sufficient for the P |P − equal|P − edge reducibility
of three-index linear programs of the transportation type to the mincost flow problems under the
validity of the well-known P �= NP hypothesis. On the other hand (see [1]), the 2-nesting condition
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is sufficient for L|L−equal|L−edge reducibility of multi-index problems to mincost flow problems.
Hence, with the use of the P |P − equal|P − edge reducibility concept in the three-index case, only
those classes of multi-index problems can be reduced to mincost flow problems, which would be
reducible with the application of the P |P −equal|P −edge reducibility concept (provided P �= NP).
Therefore, in the three-index case, the reduction scheme of Theorem 2 can be in a sense considered
as the most efficient and comprehensive one since the growth of the computational burden associated
with the reduction (in the case of polynomial complexity) does not lead to the enhancement of the
class of reducible multi-index problems.

Further research relates to checking the hypothesis on the necessity and sufficiency of 2-nesting
for L|L−equal|L−edge reducibility in the case of arbitrary number of indices. It is also of interest
to develop new concepts of reducibility of multi-index LPs to flow algorithms in order to enlarge
the class of multi-index problems which admit flow algorithms as solution tools.

APPENDIX

Proof of Theorem 1. Let the conditions of the theorem be satisfied. Then for every instance
problem w ∈ W (M), the associated problem v ∈ WGraph can be constructed. By the P |P −
equal|P −edge reducibility, the number of nodes and arcs in the associated flow problem v depends
polynomially on the size of the problem w. By Definition 2, the arc capacities in the problem v
are defined via integer-valued free coefficients of the two-sided constraints in the problem w and
hence, are also integer-valued.

The problem v is polynomial-time solvable (see [8]), since it is a particular case of the polynomial-
time solvable linear program (specific polynomial-time algorithms for solving flow problems can be
used, see [22, 23]).

It is well known that the matrix of the constraints in the problem v is absolutely unimodular,
see [31]. The arc capacities in v are integer-valued; hence, a solution of v found in polynomial time
(provided v is feasible) is integer-valued. Then, by Definition 2, integer-valuedness also holds for
any solution of w found in polynomial time. Hence, this solution will also serve as a solution to wZ .
Therefore, any problem in the class WZ can be solved in polynomial time. The theorem is proved.

Proof of Corollary. Assume that the classWZ be NP-hard and the classW is P |P−equal|P−edge
reducible to the class WGraph. Then by Theorem 1, the classWZ is polynomial-time decidable. If the
NP-hard class WZ of optimization problems is polynomial-time decidable, then by the NP-hardness
concept (e.g., see [17]) it follows that P = NP. The corollary is proved.

Proof of Lemma 1. Let the conditions of the lemma be satisfied. Consider the problem
w′ = (A′, b′−, b′+, c′) ∈ W (M ′). Since M ′ ⊆ M , there exists a problem w = (A, b−, b+, c) ∈ W (M)
such that

—col(A) = col(A′);

—the multi-index variables of the problem w coincide with those of the problem w′; then, without
loss of generality, the columns of the matrices A and A′ having equal numbers can be associated
with the same multi-index variables of the problems w and w′;

—the problem w contains all the constraints of problem w′; then, without loss of generality, we
let Aij = A′

ij, b
−
i = b′−i , b+i = b′+i , i = 1, row(A′), j = 1, col(A′);

—the left and right free coefficients of the constraints of w, which do not appear in the constraints

of the problem w′, are defined as follows: b−i = 0, b+i =
row(A′)∑
k=1

b′+k , i = row(A′) + 1, row(A).

—c = c′.
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Since the class W (M) is P |P−equal|P−edge reducible to the classWGraph, by Definition 2, there
exists a problem v = v(G; lij , uij , eij , (i, j) ∈ AG) ∈ WGraph that corresponds to the problem w.
Moreover, there exist functions α : {1, 2, . . . , row(A)} → AG and β : {1, 2, . . . , col(A)} → AG which
satisfy the conditions of Definition 2. Clearly, the problem v ∈ WGraph also corresponds to the
problem w′, and the related functions α′ : {1, 2, . . . , row(A′)} → AG and β′ : {1, 2, . . . , col(A′)} →
AG are defined as follows: α′(i) = α(i), i = 1, row(A′), β′(i) = β(i), i = 1, col(A′). Hence, by
Definition 2 the class W (M ′) is t1|t2 − equal|t3 − edge reducible to the class WGraph, where the
functions t1, t2, t3 are polynomials in the size of the instance problem w.

Note that the functions t1, t2, t3 which are used in the reduction of the problem w′ to v are indeed
polynomials in the size of the instance problem w, since they are defined by the functions exploited
in the reduction of w to v. Below, it is shown that these functions can as well be considered as
polynomials in the size of the instance w′.

There exists a set of values nl ∈ N , nl ≥ 2, l ∈ N(s), such that A ∈ D(M,n1, . . . , ns),
A′ ∈ D(M ′, n1, . . . , ns). The number of variables in w and w′ is equal to col(A) = col(A′) =
n1 . . . ns, and the numbers of constraints in w and w′, which are equal to row(A) and row(A′),
respectively, are bounded from above by row(D(2N(s), n1, . . . , ns)). Moreover, we have

row
(
D(2N(s), n1, . . . , ns)

)
=

s∑

i=0

∑

{j1,...,ji}∈2N(s)

nj1 . . . njs

≤
s∑

i=0

∑

{j1,...,ji}∈2N(s)

n1 . . . ns = n1 . . . ns

s∑

i=0

Cs
i = n1 . . . ns2

s ≤ (n1 . . . ns)
2.

Therefore,

n1 . . . ns ≤ row(A)col(A) ≤ (n1 . . . ns)
3,

n1 . . . ns ≤ row(A′)col(A′) ≤ (n1 . . . ns)
3.

In other words, letting h and h′ denote the sizes of the instance problems w and w′, respectively,
we obtain h = O(h′3). Hence, the functions t1, t2, t3 are polynomial in the size of the instance w′,
which shows that the class W (M ′) is P |P − equal|P − edge reducible to the class WGraph. The
lemma is proved.

Proof of Lemma 2. Let us prove Lemma 2 by contradiction. Assume that W (M) is not
P |P − equal|P − edge reducible to the class WGraph, and there exists a set M ′ such that M ⊆
M ′ ⊆ 2N(s) and W (M ′) is P |P − equal|P − edge reducible to the class WGraph. Then by Lemma 1,
the class W (M) is P |P − equal|P − edge reducible to the class WGraph. Hence, we arrive at the
contradiction, which proves the lemma.

Proof of Lemma 3. Let the conditions of the lemma be satisfied. If ∅ ∈ M , then M ∪ {∅} = M ,
and the lemma is proved. Let ∅ /∈ M and consider the problem w′ = w(A′, b′−, b′+, c′) ∈
W (M ∪ {∅}). Since M ⊆ M ∪ {∅}, there exists a problem w = w(A, b−, b+, c) ∈ W (M) such
that

—col(A) = col(A′), row(A) + col(A′) = row(A′);
—the multi-index variables of the problem w coincide with those of the problem w′; then, without
loss of generality, the columns of the matrices A,A′ having equal numbers can be associated
with the same multi-index variables of the problems w and w′;

—the problem w′ contains all the constraints of the problem w; then, without loss of generality,
we let Aij = A′

ij, b
−
i = b′−i , b+i = b′+i , i = 1, row(A), j = 1, col(A);

—c = c′.
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Moreover, without loss of generality, we assume that

—A
′
row(A)+i,i = 1, i = 1, col(A′),

—A′
row(A)+i,j = 0, j ∈ 1, col(A′)\{i}, i = 1, col(A′).

In other words, the constraints in the problem w′, which are defined by the element ∅ ∈ M ∪ {∅}
and represent two-sided constraints on the variables of the problem w′, are specified by the lower
rows of the matrix A′.

Since W (M) is P |P − equal|P − edge reducible to the class WGraph, Definition 2 implies the
existence of a problem v = v(G; lij , uij , eij , (i, j) ∈ AG) ∈ WGraph, which corresponds to the prob-
lem w. Moreover, there exists a pair of functions α, β that satisfy the conditions of Definition 2.
We next schematically design the problem v′ ∈ WGraph that corresponds to the problem w′. The
only difference between the problems w′ and w is that the former one contains two-sided constraints
on the variables, and the function β defines the arcs of the problem v, which are associated with
the variables of the original problem. Hence, each of these arcs can be replaced with the pair of
consecutive arcs such that the first one corresponds to the variable, and the second one to the
two-sided constraint on this variable. Therefore, to construct v′ = v(G′; l′ij , u′ij , e′ij , (i, j) ∈ AG′),
we appropriately modify the problem v. Namely, let initially G′ = G; then, for each of the
arcs (u, v) such that β(i) = (u, v), we transform the graph G′ as follows: VG′ := VG′ ∪ {pi},
AG′ := AG′\{(u, v)} ∪ {(u, pi), (pi, v)}, where pi is a new node and i = 1, col(A). Let us define the
functions α′ : {1, 2, . . . , row(A′)} → AG′ , β′ : {1, 2, . . . , col(A′)} → AG′ as follows:

α′(i)=

{
α(i), if α(i) �= β(j), for all j = 1, col(A)

(u, pj), if there exists j ∈ 1, col(A), such that α(i) = β(j) = (u, v),
i=1, row(A);

α′(row(A) + i) = (pi, v), where β(i) = (u, v), i = 1, col(A′);

β′(i) = (u, pi), where β(i) = (u, v), i = 1, col(A′).

The functions α′, β′ thus specified and the graph G′ define the problem v′, which corresponds
to the problem w′. Hence, the class W (M ∪ {∅}) is P |P − equal|P − edge reducible to the class
WGraph. The lemma is proved.

Proof of Theorem 3. For s ≤ 2, any set M ⊆ 2N(s) is 2-nested and by Theorem 2, the class
W (M) is L|L − equal|L − edge reducible to the class WGraph, hence, it is P |P − equal|P − edge
reducible to the class WGraph.

Let s = 3. If the set M is 2-nested then by Theorem 2, the class W (M) is L|L− equal|L− edge
reducible to the class WGraph, hence, it is P |P − equal|P − edge reducible to the class WGraph.
Next, let the set M be 2-reducible; then, at least one of the following two conditions is sat-
isfied: {{1}, {2}, {3}} ⊆ M or {{1, 2}, {1, 3}, {2, 3}} ⊆ M . Assume that the class W (M) is
P |P−equal|P−edge reducible to the class WGraph. Then by Lemma 1, the class W ({{1}, {2}, {3}})
or the class W ({{1, 2}, {1, 3}, {2, 3}}) is P |P − equal|P − edge reducible to the class WGraph.
Hence, by Lemma 3, the class W ({∅, {{1}, {2}, {3}}) or the class W ({∅, {1, 2}, {1, 3}, {2, 3}})
is P |P − equal|P − edge reducible to the class WGraph. Therefore, by Theorem 1, at least one
of the classes of integer linear programs WZ({∅, {1}, {2}, {3}}) or WZ({∅, {1, 2}, {1, 3}, {2, 3}}) is
polynomial-time decidable. On the other hand, the problem classes WZ({∅, {1}, {2}, {3}}) and
WZ({∅, {1, 2}, {1, 3}, {2, 3}}) are NP-hard, since they contain the planar three-index assignment
problem and the axial three-index assignment problem, respectively, as particular cases, both known
to be NP-hard (e.g., see [29]). It then follows that if the class W (M) is P |P − equal|P − edge
reducible to the class WGraph, then P = NP. The theorem is proved.
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